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Abstract
A problem in the empirical production analysis at the ﬁrm-level is that the values of capital are missing in the data. Most empirical
studies impute initial capital according to some ad hoc criteria and then estimate the parameters of production function based on
these imputed values. This paper proposes a generalized method to deal with the missing initial capital problem.
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1. Introduction
The theory of capital and the problem of capital measurement occupied economists for decades. Capital measure-
ment is essential in many ﬁelds of economics, which include growth accounting, productivity and efﬁciency analysis.
Although the notion of capital appears quite frequently in economic studies, the questions of what is capital and how
should it be measured still do not have direct answers. There are at least two interpretations of capital. The ﬁrst
approach considers capital as a fund invested in an enterprise. The second approach that is mostly used in production
analysis considers capital as service ﬂows embodied in physical goods, such as machinery and equipment [1]. In this
paper, we refer to the capital stock as the productive stocks of capital goods that contribute to production by providing
a ﬂow of service.
The attempts to measure capital for the purposes of production analysis faced various problems related to the
amount of available information. Investment ﬂows are the main and the most reliable source of information on capital.
Therefore, a substantial part of capital measurement literature focuses on the question of how to convert investment
ﬂows to productive capital stocks. In most empirical studies, capital series are calculated by using the Perpetual
Inventory Method (further referred to as PIM). The speciﬁcation of this calculation depends on the retirement patterns
and age-efﬁciency proﬁles of capital goods. The former reﬂects the life length of capital goods, and the latter accounts
for the efﬁciency loss of capital goods over time. Due to the fact that different vintages and types of capital have
different age-efﬁciency and retirement proﬁles, aggregated capital stock may suffer from measurement problems
when aggregating functions are not properly modeled, see [2]. Other difﬁculties in measuring capital include: the
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construction of deﬂators, the empirical estimation of capital goods’ survival function and physical depreciation, see
[3]. [4] provides a comprehensive description of the sources and methodology of capital construction on micro and
macro level for the U.S. data.
In this paper we deal with a challenging task of capital measurement, namely the missing initial value problem.
At the micro-level, due to speciﬁcs of data collection, historical data for investments may only be available for a very
small sample of ﬁrms. Therefore, capital cannot be calculated by using investment ﬂows going many years back.
The implementation of the PIM in this case requires an initial value of capital stock in the ﬁrst year of observation.
Unfortunately, this initial value is generally unobserved at the ﬁrm-level data.
A common practice in empirical studies is to initialize the PIM by using the accounting value of the capital good,
the so-called book value. The drawback of book value is that it is not necessarily the same as productive capital stock.
Therefore, alternative measures of initial capital relevant for production analysis are needed. Some authors propose to
use a production-related variable, such as labour demand, intermediate material or energy consumption as proxy for
the initial capital stock. However, these approaches are often based on ad hoc assumptions. Finding a right way to
approximate the initial capital stock is especially relevant for micro data where investment series are not long enough
to make the impact of initial capital on the measure of productive capital stock negligible. In this paper, we propose
a solution to the problem of measuring initial capital stock, namely the generalized method. This method is based
on the PIM and is a generalization of existing approaches. We use Monte Carlo experiments to evaluate the existing
methods and compare them to the new method.
The remainder of this paper is organized as follows: In Section 2, we ﬁrstly review existing approaches to deal
with missing capital stocks. Then, we introduce the generalized method. The results of Monte Carlo experiments are
reported in Section 3. Section 4 concludes.
2. The initial value problem and the treatments
Given the geometric age-efﬁciency proﬁle, the current capital stock of an individual ﬁrm i in the period t (Kit ) is
the sum of initially observed capital stock in the period s and investment ﬂows between the two periods:
Kit = Iit +(1−δ )Iit−1+ ...+(1−δ )t−s−1Iis+1+(1−δ )t−sKis, (1)
where δ is the depreciation rate. The capital stock in the ﬁrst observation period (Kis) is the initial capital stock,
which is not directly observed in the ﬁrm-level data. If investment series are available for a very long time span and
depreciation rate of capital is positive, the initial capital may play a rather unimportant role. However, the time span
of most micro-level data sets is quite short, not mentioning the fact that a vast majority of ﬁrms is not observed for
several sequential years.
A diverse range of methods has been used to approximate this initial value. The idea behind these traditional
approaches is the use of proxy variables. The two main source of information for this purpose includes: ﬁrms’
accounting data and production-related data. In this section, we give a brief presentation of traditional approaches.
Then, we propose a generalized framework that is able to use all sources of information at hand.
2.1. Traditional approaches
Use of accounting data Most of ﬁrm-level data sets contain book values of capital goods (KVB). Thus, the simple
solution to the missing initial values’ problem is to directly use book values of capital in the period s for initializing
the PIM (1), i.e., Kis = KVBis . There is a large number of empirical studies that use this approach, which includes [5]
for LRD data set; [6], [8] for Chilean data set, among others. Although book values may be a simple solution that is
commonly used in the literature, the main drawback is that the book value does not necessarily reﬂect the productive
capital stocks of ﬁrms. Age-efﬁciency proﬁles are not taken into account when calculating book values. Also, ﬁrms
may apply accelerated depreciation proﬁles to compute their book values for ﬁscal purposes, see [3] for a detailed
discussion on this topic.
Use of production-related data The second approach is to use proxies that may be strongly correlated with productive
capital stocks for allocating the aggregate initial capital to each ﬁrm. Typically, these variables are labour, material
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demand or energy consumption. For instance, [10] and [11] use the average material demand over the total industry
demand as proxy (henceforth, it is referred to as the shares of material), by assuming that the share of capital stock of
a ﬁrm is equal to its’ share of material demand. Given the total sample capital stock in the period s, the total value is
allocated among ﬁrms according to their approximated capital shares.
2.2. A generalized framework and estimation procedure
In this subsection, we develop a more general framework that is able to use different sources of information at the
same time. Assume that there is a proxy variable, E. Formally, the traditional approach calculates the capital stock
as: Kis = (Eis/E
j
.s)K
j
.s, where E
j
.s ≡ ∑i Eis is the (observed) total value of proxy variable within a group of ﬁrms j.
K j.s ≡ ∑i Kis is the total value of capital stock in group j. The aggregate capital stock is redistributed to each ﬁrm
according to the share of proxy variable. If multiple proxies are available, one can use average shares of proxies by
assuming they contribute equally to the share of capital stocks. In practice, multiple proxies are rarely used because
different proxies may contribute differently to the share of productive capital stocks. Assuming that there are R shares
of proxies that are denoted as Zis = (Z1is,Z
2
is, ...,Z
R
is). An extension of traditional methods is:
Kis = (Z1is)
α1 · (Z2is)α2 ... (ZRis)αR ·K j.s ·ηi,∀s (2)
with α ≡ (α1,α2, ...,αR)≥ 0 representing the weighting coefﬁcients of each corresponding proxy, and ∑Rr αr = 1. A
higher coefﬁcient αr implies a higher importance to the corresponding proxy, Zris, in the construction of initial capital
stock. ηi is an individual deviation from the average approximation equation and it is assumed to be an individual-
speciﬁc random effect with E[ηi | Zis,K j.s] = 1. Equation (2) extends traditional approaches in two aspects. First, this
setting allows us to use multiple proxies with weighting coefﬁcients. Second, an additional random effect is added
which may take into account the imperfect approximation. This random effect also implies that the imputation should
be considered as stochastic process.
In practice, Equation (2) is useful only if the weighting coefﬁcients (α) are known or can be identiﬁed from the
data. In order to obtain optimal (and data-driven) weighting coefﬁcients, we need to deﬁne optimality criteria, such
as the maximization of likelihood or the minimization of the sum of squared residuals. If productive capital stock is
observed directly or indirectly in an auxiliary data set, we could simply deﬁne the optimal weighting coefﬁcients by
minimizing the sum of squared residuals of Equation (2). Thus, a more correlated proxy will be associated with a
larger weighting coefﬁcient. Since, it is rarely the case that productive capital stocks are observed at the ﬁrm-level,
we propose to estimate the weighting coefﬁcients by relying on the speciﬁcation PIM in (1).
Assuming that the inﬂows and outﬂows of ﬁrms’ capital stocks are fully characterized by the PIM and inverting
(1) yields:
SIit = Kit − (1−δ )t−sKis+ εit , (3)
where SIit = Iit +(1−δ )Iit−1+ ...+(1−δ )t−s−1Iit−s+1. By combining Equation (2) and (3), we obtain the following
empricial model. The consistent estimation of α can be obtained by using the generalized (Non-linear Least Squares)
NLS estimator. Finally, an estimate of the initial capital stock (Kˆis) can be recovered by using αˆ . For the remaining
periods, the capital stocks are constructed by using the classical PIM as deﬁned in (1).
3. Monte Carlo simulations
In the previous section, we present a generalized framework to approximate the initial capital stock. Now, the
Monte Carlo simulations are used to illustrate the performance of the proposed method. The artiﬁcial data set includes:
value-added output (Yit ), capital stock (Kit ), investment (Iit ) and three proxy variables (X1it , X
2
it and X
3
it ). We use only
a part of this data set, output, investment and proxy variables to recover capital stocks. Then, the estimates of capital
stocks are compared to their true values in (Data Generating Process) DGP. In the following subsections, we ﬁrstly
provide the details of DGP and present the experiment design. Then, we summarize and analyse the Monte Carlo
results.
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3.1. Data generating process and experiment design
In this DGP, we assume that there are N = 1000 ﬁrm in production for T = 5 periods. The initial allocation of
capital stock, Ki1, is drawn exogenously from a log-normal distribution with mean 2 and standard deviation 1.
Ki1 ∼ logN(2,1). (4)
Assuming depreciation rate of δ = 8%, the capital formation is:
Kit = Iit +(1−0.08)Kit−1. (5)
We consider a simple linear investment rule:
Iit = b0 K
b1
it exp(ε
i
it), (6)
where ε iit ∼ N(0,0.5) is an exogenous shock on ﬁrms’ investment decision (b0 = 1.5, b1 = 0.2). The proxy variables
are generated as:
X1it = c0 K
c1
it exp(ε
1
it); (7)
X2it = d0 K
d1
it exp(ε
2
it); (8)
X3it = e0 K
e1
it exp(ε
3
it), (9)
where ε1it ∼ N(0,1), ε2it ∼ N(0,0.5) and ε3it ∼ N(0,1) represent exogenous shocks. The calibration of proxy variables
are: c0 = 5, c1 = 0.3, d0 = 10, d1 = 0.8, e0 = 15 and e1 = 0.5. Different production functions can be used here:
log-linear Cobb-Douglas or ﬂexible form Translog. In order to keep the simulation simple, we consider a value-added
Cobb-Douglas production function with an error term uit ∼ N(0,1) and technology parameters βk = 0.4 and βx = 0.6:
Yit = K
βk
it X
1βx
it exp(uit), (10)
where only X1it is appeared in the production function, X
2
it and X
3
it do not directly contribute to the production. We
report the correlation matrix of the simulated data set in Table 1.
Table 1. Correlation matrix of the baseline simulated data
Y X1 X2 X3 K I
Y 1 0.38 0.16 0.06 0.25 0.06
X1 0.38 1 0.11 0.03 0.14 0.04
X2 0.16 0.11 1 0.18 0.70 0.20
X3 0.06 0.03 0.18 1 0.26 0.08
K 0.25 0.14 0.70 0.26 1 0.23
I 0.06 0.04 0.20 0.08 0.23 1
Note: Simulation with a random numbers generator of seed equals 12345.
Capital stock is approximated for the initial period (t = 1) by using the following equation:
Ki1 =
(
X1i1
X1.1
)α1
·
(
X2i1
X2.1
)α2
·
(
X3i1
X3.1
)α3
·K.1 ·ηi. (11)
Five special cases in this Monte Carlo experiment are:
• Approach 1 is based on the share of X1 (Kˆ1i1) by assuming α1 = 1, α2 = 0, α3 = 0 and ηi = 1 ∀i= 1, ...,N;
• Approach 2 is based on the share of X2 (Kˆ2i1) by assuming α1 = 0, α2 = 1, α3 = 0 and ηi = 1 ∀i= 1, ...,N;
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• Approach 3 is based on the share of X3 (Kˆ3i1) by assuming α1 = 0, α2 = 0, α3 = 1 and ηi = 1 ∀i= 1, ...,N;
• Approach 4 reallocates the aggregate capital uniformly Kˆui1 = K.1/N;
• Approach 5 estimates weighting parameters α , i.e., Kˆgi1 =
(
X1i1
X1.1
)αˆ1 ·(X2i1
X2.1
)αˆ2 ·(X3i1
X3.1
)αˆ3 ·K.1.
Approach 1 - 3 are the traditional methods, which are deterministic and rely on ad hoc assumptions. In Approach
4, the initial capital stock is distributed equally among ﬁrms, thus the capital variable in this case only depends on
investments. Approach 5 is the generalized method. The weighting coefﬁcients α are estimated by using the NLS
estimator. The capital stock for subsequent time periods is generated by applying PIM which uses data on investment.
The Monte Carlo proceeds in the following steps, and the experiment is repeated S times with different seeds of
random number generator. For each replication, the statistics of interest (in Step 4 and 5 below) are stored, and the
results of Monte Carlo experiments are provided as the averages over S replications.
• Step 1: Obtain the initial capital stock and initial investment for sample of N ﬁrms;
• Step 2: Generate values for variables of interest from (4)-(10);
• Step 3: Estimate the different initial capital (Kˆi1) according to Approach 1 - 5, and use the PIM to generate the
remaining series for sample period T ;
• Step 4: Compare the estimates of different capital stocks (Kˆ1it , Kˆ2it , Kˆ3it , Kˆuit and Kˆgit ) in terms of their correlation with
the true capital stock (Kit);
3.2. Results
In Our simulated data, the proxy X2it is highly correlated with the true capital, whereas X
1
it and X
3
it are less correlated
with it, see Table 1. Thus, our expectation is that Approach 2 based on proxy X2it , (henceforth denoted as K
2
i1) will
give the best approximation for the initial capital stock. Note that in practice we may not always choose the best
proxy (in the real data the correlation between capital and proxy is unknown at ﬁrm-level). We expect that methods
K1i1, K
3
i1 and K
u
i1 will give less accurate approximations of the initial capital. The generalized method K
g
i1 considers all
proxies available in data and attributes a weighting coefﬁcient to each of them. We expect that the results based on
this approach can be very close to the best approximation. Table 2 presents comparisons of different approaches (1 to
5) in terms of correlation with the true capital.
Table 2. Average correlation of different capital measures with true capital stock
t logK1it logK
2
it logK
3
it logK
u
it logK
g
it
1 0.287 0.846 0.445 0 0.830
2 0.372 0.868 0.515 0.503 0.859
3 0.426 0.880 0.556 0.621 0.876
4 0.469 0.889 0.587 0.685 0.888
5 0.506 0.897 0.613 0.727 0.898
Note: 200 replication Monte Carlo experiment with a random numbers generator of seed equals 12345+ j, j = 1, ...,200.
The average of estimated weighting coefﬁcients in the generalized method are: α1 = 0.222, α2 = 0.570 and α3 =
0.208. The corresponding standard errors of estimates are 0.015, 0.019 and 0.014, respectively. According to this
estimation results, the proxy X2 has the highest estimated weight. Thus, it should take a more important role for
constructing the initial capital shock. The ex ante information on DGP is in line with this estimation results, where
X2 is the variable with the highest correlation with the true capital.
From Table 2, we can see that in the ﬁrst year logK2i1 is the best approximation as expected (85%) in terms of
the correlation with the true capital stock, following by our generalized framework logKgi1 (83%). logK
1
i1 and logK
3
i1
152   Xi Chen and Tatiana Plotnikova /  Procedia Economics and Finance  14 ( 2014 )  147 – 153 
are less correlated with true values. By using investment information only, logKui1 provides surprisingly good results
after the second year. The ﬁve different methods converge after some periods, but our generalized method has a clear
advantage for the data sets that have short periods.
4. Conclusion
In this paper, we present a new estimation method to deal with the problem of missing capital for the purposes
of production analysis. This method generalizes the existing methods of initial capital approximation. Instead of
arbitrarily choosing a proxy for distributing aggregate capital among ﬁrms, we introduce a stochastic multivariate
function of proxies according to which the capital is distributed. We conduct a series of Monte-Carlo experiments to
test the performance of the new method and compare it with the common ad hoc approaches. The generalized method
that uses multiple proxies, performs better than traditional single-proxy approach when the considered proxy is poorly
correlated with capital. It performs as good as the single-proxy approach applied to the best proxy. The advantage of
the generalized method is due to its ability of assigning optimal weights to different proxies. The estimated weighting
coefﬁcients reﬂect indirectly the correlation between proxy and capital, therefore capturing the quality of proxies.
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